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INTRODUCTION 
Harrison [5] and Lorenz [7] have recently shown independently that if F 
is any field with characteristic not 2, then the Witt ring B’(F) of F can be 
given by generators and relations where the generators correspond to the 
elements of F. Using this characterization of IV(F), they have, among other 
things, described the prime ideals of W(F) in terms of the orders on F. Also, 
Milnor notes [9, p. 3371 that the additive group of TV(F) is given by generators 
and relations and he uses this in his computation of the Witt ring of a field of 
rational functions. 
In this paper we first remark on the relation between Harrison’s charac- 
terization of TV(F) and that of Lorenz. Harrison’s leads naturally to the 
definition of a new Witt ring W(R) f or a commutative ring R with identity. 
At Harrison’s suggestion we have studied W(R) with an eye to determining 
the prime ideal structure of W(R) and relating W(R) with diagonal quadratic 
forms over R. 
Our language is perhaps poorly chosen since there is already in the literature 
a definition of a Witt ring of a commutative ring based on bilinear forms 
14, 6, I]. In this paper we will denote this ring by Witt(R). In Section 6 we 
note that W(R) and Witt(R) are in general quite different and we indicate a 
connection between W(R) and Witt(R) in some special cases. 
Our main result in this paper is a description of the prime ideals of IV(R), 
which extends the description of Harrison [5] and Lorenz and Leicht [?, S] 
of the prime ideals of W(F). In the case where R is the ring 2 of integers, 
the idempotents of W(R) are given explicitly. 
We include the result due to Paul Eakin that the functor IV commutes 
with finite products, This is useful in computing IV(&) where 2, = Z+Z 
for nEZ,12 f 0. 
All our rings have 1 and all our ring homomorphisms are unital. 
* The work of the second author was supported by NSF grant GP-21186. 
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1. BACKGROUND 
If F is a field of characteristic not 2 then the isometry classes of a&otropic 
quadratic forms over F form a ring W(F), called the Witt ring of F. For the 
details of the construction of W(F) one can see Witt’s original paper [13] or 
Bourbaki [3, pp. 134-1371 or any of [5, 7, or 121. This ring W(F) reflects 
the structure of quadratic forms over F. 
In [7, p. 411 Lorenz shows essentially that W(F) is given by generators 
(<a> : a E F) (formal symbols one for each element of F) and relations: 
(1) (0) = 0, 
(2) (a2) = 1 for every 0 f: a E F, 
(3) <a@ = (a)@), 
(4) <a> + @) = <a + b)(l + W)). 
In [5] Harrison shows that W(F) ’ g 1s iven by generators ((a) : a EF) and 
relations (l), (3), (4), and 
(2’) (1) = 1. 
However, it is easy to see that (2’) follows from (3). Thus what Harrison 
actually shows is that W(F) is given by generators (a) for a E F and relations 
(11, (3), and (4). 
One way to see that (2) is redundant is to show first that in the ring given 
by generators (a) (a EF) and relations (l), (3), and (4), {aa) is idempotent 
for all a EF (cf. Lemma 2.1) and then that this ring is connected (cf. [5, 
1st Cor., Lect. 41). 
We want to look at the situation where R is a commutative ring and W(R) 
is the ring given by generators ((a) : a E R) and relations (l), (3), and (4) 
(hence also 2’). So we are led to the following definitions and notes which are 
essentially due to Harrison. 
DEFINITION. For R and S any commutative rings, a map t : R + S 
is called an H-map if it satisfies 
(i) t(0) = 0, 
(ii) t(1) = 1, 
(iii) t(ab) = t[a)t@), and 
(iv) t(a) + t(b) = t(a + b)(l + t(a6)). 
DEFINITION. If R is a commutative ring, then a commutative ring W(R) 
along with an H-map t : R - W(R) is called a Witt ring of R if, for each 
H-map s : R + S, there is a unique ring homomorphism 0 : W(R) -+ S 
such that 0 0 t = s. 
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NOTE 1 .l. For any commutative ring R, there exists a Witt ring W(R) 
with t, for R, and it is unique up to isomorphism. 
Pmof. This is standard. For each r E R, let s,. be an indeterminate. Let 
S be the ring of polynomials over Z in the independent variables E,. ~ Let I be 
the ideal generated by x0 , xi - 1, 
x,x’, - xrs (Y, s E R) and x, + s, - x.+,(1 -I- x,~) (I,, s E R). 
Letting W(R) = S/Z and t : P M x, + 1, we have W(R) with t is a Witt 
ring of R. 
If W’ with t’ is another Witt ring of R, then, clearly, there is a unique 
isomorphism 0 : W(R) --f W’ such that 0 0 t = t’ . 0 
What Harrison showed is that if F is a field of characteristic not 2 and 
W(F) is its classical Witt ring and if ( > : F -+ W(F) is the map which 
sends 0 to 0 and any nonzero a EF to the isometry class containing a.9, then 
W(F) with < > is a Witt ring for F in the above sense. 
We will from now on denote the universal H-map R 4 W(R) by ( ) or 
( >R instead of by t. 
NOTE 1.2. II’ is a functor from the category of commutative rings to the 
same category, where for a ring homomorphismf: R+- S, W(f) : W(R)+ W(S) 
is the unique ring homomorphism such that ( js ;f = W( f ) Q \’ )R . c~i 
2. THE PRIME IDEALS OF TV(R) 
Lorenz and Leicht [7, p. 57; 81 and Harrison [5] have shown that if F is a 
field with characteristic not 2, Spec(W(F)) can be described in terms of the 
orders on F. In this section we generalize this result to get a description of 
Spec(W(R)), where R is any commutative ring. The following theorem 
describes the lattice of prime ideals in W(R) in rather vague terms. More 
details are in the lemmas that follow and in Note 2.10. 
THEOREM 2.0. Let R be a commutative ring. 
If Y@ is any nonnzaxi~~zalprill~e ideal of W(R), then W(R)/‘3 z Z. 
Spec(W(R)) is the disjoint union qf subsets S, , one for each prime ideal p 
of R. For a given prime ideal p of R, S, contains exactly one ideal AD such that 
TV(R)/kl E Zz . If R/p has no orders, then A’& is the only element of S, . 
In general there is a one-one correspondence < h Cp, between the orders OS 
R/p and the nonmaximal prime ideals in S, . If < is an order on R/p, then 
v< C A&; and if <’ is another order on R/p, then J& is the only prime ideal 
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of Jd7(R) which contaizs both $%, and ‘!#<I . If R/p has at least one order, 
then S,, is composed of all the !jJ < (< an order on R/p) together with all the 
maximal ideals of H/(R) which contain hese ‘$I< . 
We now give a sequence of results which includes a proof of Theorem 2.0. 
For the rest of this section let R be a fixed commutative ring and let (R) 
denote the set of elements (r) in W(R), with r E R. 
We originally proved directly the result given here as 2.2. Alex Rosenberg 
proved the following stronger result which simplifies a number of 
considerations. 
LEMMA 2.1. If t : R + S is an H-map, then for any T E R, t(r)2 is an 
idempotent of S. 
Proof. 
t(r>” = t(G) = t(9) + t(r) - t(r) = t(r2 + r)(l + t(r”)) - t(r) 
= t(r) . t(r + 1) . (1 + t(r)) . (1 - t(r) + t(r)2) - t(r) 
= t(r) . (1 + t(r)) . (1 - t(r) + t(r)‘) - t(r) 
= t(r)(l + t(r)“) - t(r) = t(r)“. [? 
COROLLARY 2.2. If t : R -+ S is an H-map and S is a domain, then 
t(R) _c{-1, 0, 11. q 
COROLLARY 2.3. If t : R -+ S is an H-map and Y E R is nilpotent then 
t(r)2 = t(r2) = 0 and t(1 + r) = 1. 
Proof. Clearly t(r2) = 0 and t(1 + r) = 1 since 1 + t(r) is a unit and 
1 + t(r) = t(l + r)(l + t(r)). LT7 
From (2.2) we have: 
COROLLARY 2.4. If a is a prime ideal of n7(R) then W(R)/a is isomorphic to 
either Z or Z, for some prime p. 
Proof. Let 0 : W(R) -+ W(R)/a be the natural surjection. Let t = 0 0 ( )R. 
Then t is an H-map; so by (2.2), t(R) C {- 1, 0, l}. Thus O((R)) C{-1, 0, l}. 
<R) generates W(R) so @(W(R)) = Z * 1. Hence W(R)/a is isomorphic to 
Z or Z, for some p. 0 
With this one checks we have natural one-one correspondences between 
1. The prime ideals a of W(R), 
2. The ring homomorphisms 0 : W(R) ---f Z or Z, , and 
3. TheH-mapst:R+ZorZ,, 
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given by a c-t 0 iff a = W(0) and 0 * ++ t iff 0 0 ( ) = t. When a, 0 and t 
correspond in the above way, we say that a is the prime ideal of W(R) associated 
with t. 
Now we begin to describe all the H-maps from R to Z and R to Z, for 
primes p. If t : R + S is an H-map, we abuse the language and call t-i(O) 
the kernel oft. One notes that for any H-map t : R + S, t-l(O) is an ideal of 
R and if S is an integral domain t-‘(O) is a prime ideal of R. We now want 
to find all H-maps R -+ Z or Z, having a given prime ideal p as kernel, 
LEMMA 2.5. Let p be a prime ideal of R. Then there is a unique H-mapjrom 
R to Z, having kernel p; we call this map t, . 
Proof. Define t, : R ---f Z, by letting 
One checks that t, is an H-map and its uniqueness is clear. @ 
For a prime ideal p of R we let JG denote the prime ideal of W(R) associated 
with t, . Thus W(R)/&, s Z, . 
By an order on an integral domain A we mean a relation < on A such that 
for a, b, c E A : a 4 a; a < b and b < c imply a < c; a f b implies a < b 
or b < a; a < b implies a + c < b + c; and a < b and c > 0 imply 
ac < bc. 
LEMMA 2.6. Let p be a prime ideal of R. Then there is a one-one corre- 
spondence < I-+ t, between the orders on R/p and the H-maps jrom R to Z 
having kernel p. For an order < on R/p, t < : R - Z is given by 
if xEp 
if x+p>O 
if x + p < 0. 
Proof. One checks that t, is an H-map with kernel p. If t : R + Z is any 
H-map, define a relation <t on R/p via: for a, b E R, a + p <t b + p if 
t(b - a) = 1. One checks that <t is well defined and is an order on R/p. 
Also one checks that the maps < L-+ t, and t c-f <i are inverses of one 
another. p, 
If < is an order on R/p, we let Q(p,i) denote the prime ideal of W(R) 
associated with t < . Thus TV(R)/!&,, <) g Z. 
LEMMA 2.7. Let vD denote the natural surjection Z -+ Z, . Let p be a prime 
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ideal of R and p an odd prime. If s : R --+ Z, is an H-map with kernel p, then 
there is a unique order < on R/p such that s = vD o t i . 
Proof. Define a relation < on R/p by letting x + p < y + p if S(X -y) = 1. 
Since p I= s-r(O), < is well defined and one checks that < is an order on 
R/p. Now t < is the H-map from R to Z associated with < as in Lemma 2.6, 
and using Corollary 2.2 one sees easily that s = ZJ~ 0 t, . If <’ is some other 
order on R/p, then by Lemma 2.6, t,s # t, , and so using Corollary 2.2 
one sees that vg o t,, + vp 0 t, = s. Hence we have uniqueness. 17 
If p is a prime ideal of R, < an order on R/p, and p an odd prime, me let 
-/t/iL%-r,d denote the prime ideal of W(R) associated with 1~~ o t, . Thus 
WW’i,, < , a) = Z, . 
NOTE 2.8. Let ‘$3 be a nonmaximal prime ideal of TV(R) and t : R --t Z its 
associated H-map. Let A’ be a maximal ideal of W(R) and s : R + Z, its 
associated H-map (p some prime). Then %I! C A’” iff s == vB 0 t. 
Proof. Let 0 : W(R) --f Z and @ : W(R) + Z, be the unique ring 
homomorphisms such that 0 0 ( ) = t and @ 0 ( > = s. Hence ‘@ = O-l(O) 
and JY = @-l(O). Suppose ‘$ CM. Let x E W(R). If ?z = O(X) then 
0(x - n(1)) = 0. So @(x - n(1)) = 0. So @p(x) = n . 1 = vg 0 O(X). Hence 
s=~o() =v~ooo() =vgot. 
On the other hand if s = v, 0 t, then Cp 0 ( ) = vp 0 0 0 ( ). So since 
TV(R) is generated by (R), CD = vp 0 0. Hence *q 1 O-l(O) C @-r(O) = J’. q 
With 2.8 one checks that if p E Spec(R) and < is an order on R/p then 
‘$(,, <) _C A$“,; and ifp is any odd prime, ‘$(,, <) C A<,, <,9) . By the uniqueness 
in 2.7 we have that !@cO,<) is the unique nonmaximal prime ideal contained 
in ~%<,d . 
For a prime ideal p of R we let S, denote the collection of all prime ideals of 
W(R) which have p as the kernel of their associated H-maps. One notes that 
Spec(W(R)) is the disjoint union of the S, as p runs through Spec(R). We 
now know that for a given p E Spec(R), S, = (A?$,} if R/p has no orders. If 
R/p has at least one order then for each order < on R/p there is a subset 
F(,, <) of S, of the form 
and S, is the disjoint union of {A$,} and all of the Fc,, <)‘s. 
Thus we have proved Theorem 2.0 and have a description of the prime 
ideals of W’(R). 
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COROLLARY 2.9. For any commutative ying R, W’(R) is a Jacobson ring, i.e., 
every prime ideal of W(R) is the intersection of maximal ideals. Thus the niEradicaE 
of TV(R) is also the Jacobson radical. q 
One can easily check the following description of the various prime ideals 
of W(R). 
NOTE 2.10. Let p be a prime ideal in R, then 
d&i = {(rl) + ... + (r&: r, E R and the number of i such that 
Y, 6 p is even>. 
If < is an order on R/p and p is a odd prime, then 
P (0, <) = (0-l) t- . . . + (T,): the number of i such that Y,~ + p > 0 
is the same as the number of i 
such that Y, + p < 0} 
and 
~tr(~,<,~) = ((rr) + ... + (Y,,,): the number of i such yi + p > 0 
minus the number of i such that 
ri + p < 0 is divisible by p]. 
As usual we let Spec( ) denote the contravariant functor from commutative 
rings to topological spaces given by: Spec(R) is the collection of prime ideals 
of R with the Zariski topology and for a ring homomorphism f : R -+ J, 
Spec( f ) : Spec(A) + Spec(R) via Spec( f )(p) = f-l(p). 
Define CR : Spec(R) --t Spec(W(R)) by 6, : p P+ ~~~ and define 
(us : Spec( W(R)) +- Spec(R) via CJ~ : a + p if a E S,. Then osR 0 CR == 1Spec(R) 0
THEOREM 2.11. For any commutative ring R, & : Spec(R) --f Spec(W(R)) 
is an injection and oR : Spec(W(R)) --f Spec(R) is a continz~ous urjection. 
,4Zso o = (crR} : Spec 0 W( ) -+ Spec( ) and 5 = (CR) : Spec( ) + Spec 0 IV( ) 
are natural transformations such that u 0 5 = 1. 
Proof. Recall that the closed subsets of Spec(A) for a commutative ring 9 
are the subsets of the form V(T) = (a E Spec($ : T C a} for subsets T of -4. 
If TCRthen 
c&V(T)) = u S, = r-((T)) 
PEY(T) 
is closed so 0s is continuous. One can check that v and 5 are natural trane- 
formations, and it is clear that o 0 5 = 1. q 
We note that 5s is not in general continuous. Also the topology on Spec(R) 
is not in general the quotient topology induced by (TV . Examples for both of 
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these statements are found when R = 2, in this case S,, and {A$] are both 
closed in Spec(W(Z)) but (0) is not closed in Spec(Z). 
3. W OF QUOTIENTS AND PRODUCTS 
In this section we give more information about W(R) with ( >. Included 
here are Eakin’s result that W preserves tinite direct products and the 
calculation of W(R) in some particular cases. 
We continue to let R be a commutative ring and ( > = ( )R . If X _C R then 
(X) = {(xi : x E X] and (XjW(R) is the ideal of W(R) generated by (X). 
If I is an ideal of R we let vI denote the natural homomorphism from R onto 
R/I. 
PROPOSITION 3.1. If I is an ideal of R then (I)W(R) - ker W(q) so 
W(R/I) g W(R)/(I) W(R). 
Proof. Clearly (I)W(R) _C ker(W(q)). Let 0 : W(R)/(I) W(R) + W(R/I) 
be the resulting homomorphism. Define t : R/I -+ W(R)/(I)W(R) via 
t(r + I) = (r) + <IjW(R). Then t is a well-defined H-map. Let @ be the 
ring homomorphism from W(R/I) to W(R)/(I)W(R) such that @ o ( )R,I = t. 
Then one checks that 0 0 0 = 1s~~~) and 0 0 0 = IW~R)I(IjW(Rj . So 0 is an 
isomorphism and (I)W(R) = ker(W(vl)). 0 
We let 1, = I,,(R) denote the kernel of ( >, i.e., I, = {r E R : <r j = O}. 
Then we have 
COROLLARY 3.2. F’OT an ideal I of R, W(v,) : W(R) -+ W(R/I) is an 
isomorphism if and only if I C I, . 0 
COROLLARY 3.3. Ifx E R then x is a unit in R zT(x) is a unit in W(R). q 
Let L = L(R) be the ideal of R generated by all elements of the form 
x2y + xy2 for x, y E R. 
LEMMA 3.4. If t EL and Y E R tlzen (t)(r) = (t)(r3j. 
Proof. Let t = arei + ..’ + a,e, , where each ai E R and each ei is 
of the form x2y + xya. The proof is by induction on 72. If TZ = 1 then 
t = a(x2y + xy2) for some a, x, y E R. And 
<t><r> = <a><x + y><xy><r> 
= <4(<x> + <Y> - <x + y>)<r> 
= <a>(<xf-> + <YY> - by + YT>) = <a>(<xr + rr><xYr2>) 
= (a)<x + y)<xy)(r3) = (t)(G). 
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If n > 1 then (t>(r) = (ale1 + .-. + a,E-len-l?(r) + @,e,Xr> - 
<Mvl t ... + 44hX a e )(Y> n n which by the induction hypothesis is 
equal to (ale1 + *.. + a71--lelz--1)(r3) + (n,e,>(r3) - (t)(ale, + ... + 
an_len_l\(u,~e,)(r3) = (t)(r3). n 
Letting .L’% denote the nilradical of R we have 
PROPOSITION 3.5. L . V’R L I, C dR. 
Proof. Let t EL and a E 43. Let rz be a positive integer such that 
a”“+l = 0. Then (t>(a) = (t)(2) implies (ta) = <t;~<tla”fX> = 0. Hence 
L ZBCI,. 
If p is a prime ideal of R then from Section 2 we have that there is an 
N-map t, with kernel p and there is a ring homomorphism 0 such that 
0 c ( > = t, . Hence I,, = ker(( )) C ker(t,) = p. So I,, C %1x. a 
We will give an example where I,-, is properly contained in dR. We know 
of no example with L di? properly contained in 1, . Note that if 2 is a unit in 
R then L = R, so we have 
COROLLARY 3.6. If 2 is a unit in R, then IO = y’R. Hence in this cnse 
W(R) gg W(R/ \/‘I?). [7 
A slightly stronger version of 3.6 is true. If 2 is can&able in R/IO then 
I,, = y’i?. We omit the details. 
If p is an odd prime and n 3 1, then 1,(Z,*) = pZ,n by 3.6. Hence 
1qz,q E T;t;(Z,). It is well-known [4, pp. 47-491 that W(Z,) is isomorphic 
to Z,[s]/(~a) if - 1 is a square mod p, and Z, if not. 
Now consider the corresponding situation with p = 2. It is easy to see 
thar W(Z,) z Z, . For n > 1 one checks that the map t : Zzz -+ Zs[~]/(za) 
given by 
I 
1 if a is odd 
t(a) = x + (9) 
1 
if 21abut4Ya 
0 if 4ja 
in an H-map. So there is a unique ring homomorphism Q : W(Z,m) +Za[~]‘]!(xs) 
such that 0 0 ( > = t. 0 is easily seen to be an isomorphism. So for B > 1, 
W(Z,*) r Z,[X]/(X~). And for n > 1, I,(Z,“) = 4Z,= $ 2Z2% = t& This 
gives an example where the second inclusion of 3.5 is proper. 
We thus have a description of W(Z,) f or any n by the above remarks and the 
following result which is due to Paul Eakin. 
THEOREM 3.7. The functor FV preserves Jinite direct products. 
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Pmof. Let I = {I, 2,..., n} and {RijiG1 a family of commutative rings. 
Let R = flisr Ri and let ( ji denote ( )R. and ( ) denote ( )s . Define 
t : R -+ nisi FE’(%) by t((r&) = ((ri)Jipr . Then t is an H-map so there 
is a unique ring homomorphism 0 : W(R) -+ lJiGIisl W(R,) such that 0 0 ( ) = t. 
We will see that 0 is an isomorphism. 
For each j E I let & : Rj + R be the function r3 i--t (aJiG where aj = rj and 
for i # j, ai = 0. For each j E I let ej = <j(l). Then one checks that since 
eiej = 0 for i + j, (er) + ... + (en> = (el + ... + e,J = 1. So for any 
r E R we have 
(r) c 1 (r>(ei>. (*) 
ZEI 
Now for each i ~1, define t, : R, + W(R)(Q by ti(ri) = (&(ri)) = 
(cz(ri)) . (ei) for ri E R, . Note that W(R)(ei) is a commutative ring with 
identity (e,) and ti is an H-map, so there is a ring homomorphism 
cP~ : W(R,) + W(R)(ei) with @i((~,)i) = (&(ri)). Using (*) it is easy to see 
that the map @ : n TV(R,) + W(R) given by (Ni)isl++ J&l @‘,(x8) is a ring 
homomorphism. And one checks that @ is the inverse of 0. 0 
4. IDEMPOTENTS IN W(R) AND TV(Z) 
In this section we give some results about idempotents in Witt rings. We 
conclude with a conjecture about the relationship between iV(Z) and diagonal 
quadratic forms over Z. 
For any commutative ring R there is a well-known one-to-one corre- 
spondence between the idempotents of R and the subsets of Spec(R) which 
are both open and closed. This correspondence is given by 
e w V(e) = (‘$3 E Spec(R) : e E ‘@} 
[2, p. 1031. In special cases the topology on Spec(lV(R)) can be deduced 
from the description of Spec(lV(R)) g iven in Section 2 and the idempotents 
can be given explicitly. Such cases are R = Z or R a unique factorization 
domain in which 2 is a unit. We describe here the idempotents in kV(Z). For 
this we let ( ) = ( >z . 
By 2.1 we have that if n is any integer then (n)’ is an idempotent in iXT(Z). 
For odd n we get the following stronger result. 
LEMMA 4.1. If n is an odd integer then (ni3 = (n>. 
Proof. (n3) - (72) = (n3 - n)(l - (n”)) = <n2 - l>((n) - (n”)). 
n* - 1 is even, so using 3.4, we have (n2 - l>(n) = (n’ - l>(n3) = 
<nz - l)(n5). Hence (n> = (n3). q 
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THEOREM 4.2. The idempotents of W(Z) are precisely the elemelats 
<PIP, .‘. Pi:?” and 1 - (pip, . ..p.>” for p, ,...,pp jiniteb uza%y distirzct 
primes. 
Proof, We use the notation of Section 2 except that for a primep we denote 
JZOz as AD . One checks that -MD is the only prime ideal of W(Z) which 
contains (p) and also the only prime ideal of W(Z) which does not contain 
1 - (p). Hence if {p, ,..., pB} is any finite collection of primes then 
(cd21 I.... &DIcJ is a closed and open subset of Spec(W(Z)). 
On the other hand it is easy to see that S, is connected. Let C be any closed 
and open subset of Spec( W(Z)). S’ mce C is closed there is a subset E of W(Z) 
such that 2 = (X E Spec(W(Z)) : E c X>. 
Clainz. If C contains infinitely many of the AD then S, c C. For if E C (0) 
then C = Spec(W(Z)) and the claim clearly holds. If there is a nonzero x E E 
then N = (ni) + ... + (n& for nonzero integers n, ,..., 1z7. and there exists 
a prime p which does not divide any of the 7zi but for which N E AYE . Hence 
by 2.10, k must be even. So x E &. Thus E C A,, , so && E C. Since SO is 
connected, ~4’~ E S, , and C is closed and open, this gives the claim. 
With the claim it is easy to see that the only subsets of Spec(W(Z)) which 
are both open and closed are the (AD1 ,..., AD,>, where (pi ,..., pk) is 
a finite set of primes, and the complements of these subsets. Noting that 
{dflD, ,..., J&‘~~J = I;(( p, ... pk)*) we are done. a 
Harrison used his characterization of W(R) to prove that W(F) is connected 
(i.e., 0 and 1 are its only idempotents) (cf. also [8, p. 867) in case F is a field 
of characteristic f2. We note a converse to this. 
PROPOSITION 4.3. Let R be any commutative ring. Then W(R) is corzpzected 
zf and only if RI z/I-i is a field. 
Proof. W(R) is connected iff Spec(W(R)) . IS a connected topological space. 
Using 2.10 one checks easily that for a E Spec( W(R)), ( v&W(R) C a. Hence 
the map Q+ a/( l/R) W(R) . IS a homeomorphism from Spec(W(R)) onto 
Spec(W(R)/( l’@W(R)). So W(R) . IS connected if and only if W(R/@?) is 
connected. 
If W(R/ @) is connected then for any 0 + x E RI dg we ha% by 3.5 and 
2.1 that (s”)~,,~P = 1. Hence x is a unit. So RI 1;‘E is a field. 
Nom suppose R/ dR is a field. If RI k/R has characteristic not 2 then 
W(R/ 2/R) is connected (see [8, p. 861 or [5]). If R/ 4R has characteristic 2 
then it has no orders, so using 2.0 we see that W[R/ v’R) is a local ring, hence 
is connected. q 
COROLLARY 4.4. Let D be any integral domain zuhich is not a jeld and let K 
be the field of guotielzts of D. Then W(D 2 K) is not one-one. 0 
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We conclude this section by admitting that we still have very little notion 
in general of what relationship there is between W(R) and the diagonal 
quadratic forms over R. We have in mind calling two diagonal quadratic 
forms over R, a,~,” + ... + a,~,~ and b,rr2 + ... + bmxm2 equivalent if 
(al> + ... + (a,) = (b,) + ... + (b,,) in W(R). This would correspond to 
the usual equivalence module hyperbolic planes in the case where R is a 
field with characteristic f2. In some other cases it is fairly easy to characterize 
this equivalence. However even in the case where R = Z we do not yet 
have a satisfactory characterization. If the following conjecture is true it 
would give a good characterization. For any integer E we let V, denote the 
natural homomorphism from Z onto Z, . 
CONJECTURE. For x E W(Z), x = 0 iff W(v&x) = 0, W(v,)(x) = 0 
for all odd primes, and IV’(Z G Q)(X) = 0. 
If x has dimension 2 or less, i.e., is of the form (n) + (m), then we know 
the conjecture holds. Thus one can write explicitly what it means for 
(n> = Cm>. 
5. m(R) 
In this section we look at the factor ring F(R) obtained by factoring out 
all the elements of the form (a3> - <a). 
We continue to let R be a commutative ring. We let T = TR denote the 
ideal of W(R) generated by all elements of the form (a”) - (a) for n E R. 
We let p(R) = W(R)/T and - : W(R) ---f p(R) the canonical map. 
Note that it follows easily from 2.1 that if R is any field then W(R) = i-i;;(R). 
Also it follows from 3.4 that if L(R) contains a unit then W(R) = p(R). In 
particular if 2 is a unit then W(R) = r(R). 
Harrison has pointed out to us that W(R) is in some ways nicer than W(R). 
NOTE 5.1. T is contained in every prime ideal of W(R). Hence all the 
information of Section 2 relating the prime ideals of W(R) with the prime 
ideals of R and the orders on integral factor rings of R, carries over to E(R). 
Proof. Let a E R; using 2.10 one can easily see that (a”> - (a) is in 
every prime ideal of W(R). q 
For R and S commutative rings we call an II-map t : R -+ S an B-map in 
case t(a3) = t(u) for all a E R. Thus the map (, : R -+ W(R) is characterized 
by the fact that if t : R --f S is any other n-map then there is a unique ring 
homomorphism 0 : m(R) -+ S such that t = 0 0 < ). Thus m is a functor 
where for a ring homomorphism f : R ---f S, w(f) is that unique ring - - 
homomorphism such that W( f ) 0 ( )R = ( >s 0 f. With this characterization 
one can prove the following result in the same manner as 3.1. 
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PROPOSITION 5.2. If I is a~ ideal of R and “I is the natural map R + R/I then 
-7 -- (I)Ft (R) = ker(kV(vl)) so w(R/I) z IT(R)j(I)lV(R). 0 
In the following result we see that we have a simpler situation for W(R) 
than we had for IV(R) (cf. 3.5). 
PROPOSITION 5.3. (Y E R z(r) = 0) = ~‘2. Hence fog an ideal I of R, 
W(q) : TT(R) - m(R,‘I) is an isonzouphism if and o~zly if I C &!. 
Proof. If a E 14 then there is an odd positive integer IZ such that aiz = 0. 
So since (a> = @> we have (a\ = (& = 0. 
On the other hand if p is a prime ideal of R then one checks that the If-map 
t, : R -‘Zf defined in the proof of 2.5 is an R-map. Hence there is a ring 
homomorphism 0 : w(R) + Z, such that 0 0 ry= t, . So 
(1. E R : fi = 0) C t,‘(O) = p. 
Hence {r E R : (r) = O> C l//R. q 
The proof of 3.7 can be modified easily to give a proof of the following 
result. We omit the details. 
THEOREM 5.4. The functor Wpreserves finite direct products. q 
Thus noting that for any odd prime p and any positive integer n 
and that b7(ZsR) E IV(Z,) E Z, we have a description of iv(ZJ for any 
integer n > 2. 
Also one can check that the computation (4.2) of the idempotents of I&‘(Z) 
carries over directly to r(Z), i.e., the idempotents of J(Z) are exactly the 
elements (p,p, ..*~,)a and 1 - (p,p, . ..~.)a for p, ,...,pk finitely many 
distinct primes. Moreover one notes using 5.1 that Spec(IV(R)) and 
Spec(v(R)) are homeomorphic. So by 4.3 [T(R) is connected if and only if 
RI&R is a field. 
6. WITT(R) 
For a commutative ring R we use Witt(R) to denote the Witt ring of forms 
over R which is defined in [4, 6, 11. In this section we compare W(R) and 
WittjR) in some special cases. We use the terminology of [4]. 
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In general Witt(R) and E’(R) are not isomorphic. Knebusch [6, p. 471 
shows that if R is a Priifer domain with field of fractions F, then 
Witt(R) -+ Witt(F) is injective. Hence by 4.3, Witt(R) $ W(R) if R is a 
Prtifer domain that is not a fie1d.l For the important special case of the 
integers, Milnor determined already in 1961 that l%‘(Z) g Z (see Serre’s 
account in [Ill). 
We now indicate a natural homomorphism W(R) + Witt(R) for certain 
local rings. From now on let R denote a local ring with maximal ideal J such 
that 2 is a unit in R. 
We say that R lifts squares if for any y E J and b a unit of R, b2 + y is a 
square in R. Since 2 is a unit, one can show that if J is nil or if R is J-adically 
complete then R lifts squares. 
For a unit a E R let h,, : R >< R + R denote the l-dimensional form 
(x, y) ++ axy. Let [A,] denote the element Witt(R) determined by /z, . 
PROPOSITION 6.1. Let R be a local ring with 2 a unit. If R lljcts squares, 
then thee is a ring homomorphism W(R) -+ Witt(R) such that for each unit a in 
R, <a> ~--t kzl- 
Proof. Define t : R + Witt(R) by t(a) = 0 if a is not a unit and t(a) = [A,] 
if a is a unit. We show that t is an H-map. Properties (i), (ii) and (iii) are 
immediate. To see t(u) + t(b) = t(a + b) + t(ab(a + b)) we consider the 
three nontrivial cases. 
Case I, a, b and a + b are units. Then as in the case of fields the change of 
coordinates x + x + by, y t+ .1c - ay is unimodular, so that h, i h, and 
hamkl, i ha6(a+b) are isometric. 
Case If. a and b are units; a + b is not a unit. In this case, since R lifts 
squares, --ab = n” - a(a + b) is a square. Thus since 2 is a unit, R, J- Iz, is 
hyperbolic. 
Case III. a is a unit; b is not a unit. Then a(a + b) is a square, so h, and 
h a+b are isometric. Thus t is an H-map and we have the desired homo- 
morphism. 0 
Let K = RI J and let a i-r 3 denote passage from R to K. Suppose that 
the diagonal form hEx 1 ... 1 h, over K is hyperbolic, for units a, ,..., a, 
of R. Then because of the isomo”rphism W(K) + Witt(K), it follows that 
<if& + ... + (if& = 0; so by 3.1, (u~)~ -1 ... + (a,), E (J)W(R). 
If R lifts squares, it then follows from 6. I that [ha1 1. ... _L h,,] = 0. Thus 
we have 
1 We thank Alex Rosenberg for pointing this out. 
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COROLLARY 6.2. Suppose that R is a local ring with 2 a z& and that R 
lifts squares. Then thme is a monomorphism Witt(R/J) + Witt(Rj taking 
[hJ ---f [h,J for units a of R, whei-e a = a + J. q 
If in addition to lifting squares R has the property that every non- 
singular form is diagonal&able, then W(R) --f Wiet(R) is surjective and 
Witt(R) - Witt(R/J) is an isomorphism. This is the case if either J is nil or 
R is J-adically complete; and in case J is nil, ker(tv(R) + Witt(R)) = 
ker( TV(Rj - W(R/J)) = (J) W(R) = 0. Hence we have 
PROPOSITXON 6.3. Let R be a local ring with 2 a unit such that either J is 
nil or R is J-adically complete. T/Zen the homomorphism of Proposition 6.1 is 
subjective and Witt(R) s Witt(R/J) z W(R/Jj. FJ 
COROLLARP 6.4. If R is a local ring with 2 a unit and $ J is nil, the?2 
W(R) z Witt(R). q 
Since Witt( ) and Tv( ) both preserve finite direct products (see [4, 
Proposition 6.51 and 3.7), it follows that if A is a semilocal ring with 2 a unit 
and with nil Jacobson radical then W(R) c Witt(R). 
We would like to thank Professors FrGhlich, Harrison and Rosenberg for their 
helpful comments and suggestions. 
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